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Abstract This work presents a semi-analytical model to explore the effects of
cooling rate on the thermal shock resistance behavior of a functionally graded ce-
ramic (FGC) plate with a periodic array of edge cracks. The FGC is assumed to be
a thermally heterogeneous material with constant elastic modulus and Poisson’s
ratio. The cooling rate applied at the FGC surface is modeled using a linear ramp
function. An integral equation method and a closed form asymptotic temperature
solution are employed to compute the thermal stress intensity factor (TSIF). The
thermal shock residual strength and critical thermal shock of the FGC plate are
obtained using the SIF criterion. Thermal shock simulations for an Al2O3/Si3N4
FGC indicate that a ﬁnite cooling rate leads to a signiﬁcantly higher critical ther-
mal shock than that under the sudden cooling condition. The residual strength,
however, is relatively insensitive to the cooling rate.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1404108]
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Thermal shock resistance of ceramics can be characterized by the critical thermal shock and
thermal shock residual strength (RS). The critical thermal shock describes the material’s resistance
to thermal crack initiation. The RS describes the load bearing capacity of a thermally damaged
structure. The RSmethod was ﬁrst developed by Hasselman1 for homogeneous ceramic materials.
Generally speaking, the measured strength of a ceramic specimen subjected to a thermal shock
ΔT remains unchanged when ΔT is smaller than ΔTc, the critical thermal shock. The strength
drops precipitously at ΔT = ΔTc, and further decreases with an increase in the severity of thermal
shock.
In recent years, the RS concept has been used to study the thermal shock behavior of function-
ally graded ceramics (FGCs). For example, Zheng et al.2 investigated the RS of a symmetrically
graded FGC subjected to thermal shocks. Their results showed that the FGC exhibited similar
RS pattern to that of homogeneous ceramics. Jin and Feng3 developed a semi-analytical model
to compute the RS of an FGC with multiple edge cracks. Feng and Jin4 further considered FGCs
with multiple edge cracks of alternating lengths.
Critical thermal shock and thermal shock RS of FGCs have been studied under the sudden
cooling condition at the FGC surfaces, i.e., the boundary temperature immediately attains the
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ambient temperature, which corresponds to an inﬁnite cooling rate. In practical applications,
however, the cooling rates on the material surfaces are ﬁnite. The present work aims to explore
the effects of cooling rate on the thermal shock resistance of FGCs. Speciﬁcally we study an
FGC plate with a periodic array of edge cracks, and a thermal shock of ﬁnite cooling rate at the
cracked surface is imposed on it. A linear ramp function is used to describe the rate of boundary
temperature variation. An asymptotic temperature solution for FGCs with arbitrary thermal prop-
erty gradients and a singular integral equation method are employed to obtain the critical thermal
shock and the RS. Thermal shock simulations are performed for an Al2O3/Si3N4 FGC and the
effects of ﬁnite cooling rate on the thermal shock behavior are examined.
Ceramic-metal functionally graded materials suffer multiple cracking on the ceramic surface
when subjected to thermal shocks.5,6 A long FGC plate having a periodic array of edge cracks
is considered (as shown in Fig. 1), where a denotes the cracks’ length, H represents the spacing
of cracks, and b denotes the thickness of plate. It is assumed that the FGC has arbitrary thermal
property gradients along direction of the plate thickness (x-direction) but constant Poisson’s ratio
and elastic modulus. Without loss of generality, initial temperature of the plate is supposed to
be zero. The temperature of the cracked surface x = 0 is gradually changed to −Ta following a
linear ramp function. The boundary temperature at the plate surface x = b remains at the initial
temperature. The initial condition and boundary condition of the heat transfer problem are thus
given by
T (x,0) = 0, 0 x b, (1)
T (0, t) =
{
−Ta(t/ta), 0 t  ta,
−Ta, t > ta,
(2a)
T (b, t) = 0, t > 0, (2b)
where T = T (x, t) denotes the temperature, t is time, and ta is a temporal parameter. The cooling
rate at the boundary is described by Ta/ta.
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Fig. 1. Thermally shocked FGC plate containing a periodic array of edge cracks.
Jin7 obtained a short time, asymptotic temperature solution of the above heat transfer prob-
lem, which can capture the peak thermal stress intensity factors (TSIFs). For FGC plate having
piecewise differentiable and continuous properties, the solution has the following form
T (x,τ) = TaT (1)(x,τ), (3)
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where T (1)(x,τ) is given by
T (1)(x,τ) =− 1
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, τ > τa. (4b)
In the equations above ρ(x) denotes the mass density, c(x) represents the speciﬁc heat, k(x) is the
thermal conductivity, τ and τa are the nondimensional times deﬁned by τ = tκ0/b2, τa = taκ0/b2,
erfc() is the complementary error function, and Ω1 is given by
Ω1 =Ω1(x) =
1
b
∫ x
0
√
κ0
κ(x′)
dx′. (5)
In the equation above, κ0 = κ(0) and κ(x) = k/(ρc) is the thermal diffusivity.
We use the stress intensity factor criterion to determine the critical thermal shock and the RS
of the cracked FGC plate. The TSIF, KI, is calculated from the following equation
KI =−Eα0ΔT
√
πa
2(1−ν) F(1), (6)
where ν represents Poisson’s ratio, E denotes Young’s modulus, α0 = α(0) and α(x) is the coefﬁ-
cient of thermal expansion, ΔT = Ta is the applied thermal shock, and F(·) satisﬁes the following
singular integral equation
∫ 1
−1
(
1
s− r +K(r,s)
)
F(s)√
1− s ds=−
2π(1−ν2)
E
σTyy(r,τ), |r| 1. (7)
In the equation above, σTyy(r,τ) is given by
1−ν
E
σTyy(x,τ) =−αT (x,τ)+
4b−6x
b2
∫ b
0
αT (x,τ)dx− 6b−12x
b3
∫ b
0
αT (x,τ)xdx, (8)
the nondimensional coordinates r and s are r = 2x/a−1 and s= 2x′/a−1, and the kernel K(r,s)
has been supplied by Jin and Feng.3
The critical thermal shock ΔTc is determined by letting the peak TSIF equal the fracture tough-
ness of the material, i.e.,
Maxτ>0(KI(τ,a0,ΔTc)) = KIc(a0), (9)
where a0 denotes the length of pre-existing cracks, and KIc(a0) is the FGC’s fracture toughness at
the crack tip location.8 The critical shock can be obtained by solving Eq. (9) together with Eq. (6).
To obtain the RS of the cracked FGC plate which is subjected to a thermal shock of ΔT > ΔTc,
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the crack extension caused by ΔT needs to be ﬁrst determined. Crack propagation in the thermally
shocked FGC plate may be arrested due to the compressive stress ﬁeld and crack interactions in
the plate’s interior. The arrested crack length af satisﬁes the following equation
Maxτ>0(KI(τ,af,ΔT )) = KIc(af), (10)
i.e., the peak TSIF for cracks of length af equals the fracture toughness at the location of the
arrested crack tips. The RS σR of the thermally shocked FGC can then be obtained as the strength
of the FGC plate with a periodic array of edge cracks of length af.
In the thermal shock simulations, we use an alumina/silicon nitride (Al2O3/Si3N4) FGC for
cutting tools applications to explore the effects of cooling rate on the thermal shock resistance.
Depending on porosity and processing method, Al2O3 and Si3N4 may exhibit similar Young’s
modulus and Poisson’s ratio.9 Hence the Al2O3/Si3N4 FGC may be modeled as an elastically
homogeneous but thermally heterogeneous material. We use a Young’s modulus of 320 GPa and
a Poisson’s ratio of 0.25 in the computation. Moreover, the thermal properties of Al2O3 and
Si3N4 are: k = 20 W/(m·K), ρ = 3.8 g/cm3, c = 0.9 J/(g·K), α = 8× 10−6 K−1 for Al2O3, and
k = 35 W/(m·K), ρ = 3.0 g/cm3, c= 0.7 J/(g·K), α = 3×10−6 K−1 for Si3N4.9 Finally, the frac-
ture toughness is assumed to be 4 MPa·m1/2 and 5 MPa·m1/2 for Al2O3 and Si3N4, respectively.
The FGC is treated as a two-phase composite with space-dependent volume fractions of Al2O3
and Si3N4. In the numerical calculations, a power function is used to describe the volume fraction
gradation for the Si3N4 as V (x) = (x/b)b, where V is the volume fraction of Si3N4 and p the
exponent describing the gradation proﬁle. The FGC’s thermal properties are determined using the
conventional micromechanics models.10
Figure 2 shows the critical thermal shock and the residual tensile strength of the Al2O3/Si3N4
FGC for a cooling rate parameter of τa = 0.02 (cooling rate is inversely proportional to τa). The
RS for the homogeneous Al2O3 is also shown. The material gradation parameter p is 0.2, the size
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Fig. 2. Critical thermal shock and thermal shock RS of Al2O3/Si3N4 FGC (b = 5 mm, a = 0.05 mm,
H/b= 1).
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of specimen is set to be b= 5 mm, the pre-existing surface cracks have a length of a0 = 0.05 mm,
and the spacing of cracks is selected as H/b = 1. The RSs under the sudden cooling condition3
(τa = 0) are also included. First, the model predicts qualitatively the thermal shock RS pattern
of FGCs experimentally observed by Zheng et al.,1,2 i.e., the RS of the FGC specimen subjected
to a thermal shock ΔT remains unchanged when ΔT is smaller than ΔTc, the critical thermal
shock. The strength drops precipitously at ΔT = ΔTc, and further decreases with an increase in the
severity of thermal shock. Second, the critical thermal shock ΔTc under a cooling rate parameter
of τa = 0.02 is signiﬁcantly higher than that under the sudden cooling condition (201◦C versus
156◦C for the FGC). The RS at more severe thermal shocks, however, is not affected by the ﬁnite
cooling rate. The reason is that ﬁnite cooling rates mostly reduce the peak TSIFs for short edge
cracks. The TSIFs for longer cracks are not sensitive to the cooling rate, which implies that the
thermal shock damage or the arrested crack length is not signiﬁcantly reduced when the cooling
rate is not too slow. The RS thus will not signiﬁcantly deviate from that under the sudden cooling
conditions.
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